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INTRODUCTION
Let R be a Cohen–Macaulay local ring essentially of ﬁnite type over 
and let X = ProjI be the blowing up of SpecR along the closed sub-
scheme deﬁned by an ideal I of R. Let Y be the closed ﬁber of π X →
SpecR. Sancho de Salas proved that if X is a Cohen–Macaulay scheme
then
SdS-1. There exists an integer n0 such that the associated graded ring
grInR is Cohen–Macaulay for all n ≥ n0 if and only if HiY X	X = 0 for
i < dimR.
In the proof of this result Sancho de Salas introduced a new exact
sequence relating some local cohomology groups of R and sheaf cohomol-
ogy groups of X. We use here an algebraic version of this sequence due to
Karen Smith (see [12, p. 150]).
From SdS-1 Sancho de Salas deduces the following version of the
Grauert–Riemenschneider vanishing theorem ([5, Satz 2, 3] and [6, Propo-
sition 2.2]):
SdS-2. If X is non-singular then grInR is Cohen–Macaulay for all large
values of n.
Lipman in [12, Theorem 4.3] proved that SdS-1 holds for all Cohen–
Macaulay local ring R without the assumption that it is essentially of ﬁnite
type over .
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Cutkosky [3, Part III] and Huckaba and Huneke [8, Theorem 3.12] give
examples showing that the SdS-2 result does not holds for a d-dimensional
Cohen–Macaulay ring R, with d ≥ 3 and such that X is a normal scheme
instead of a non-singular scheme.
Huneke proved in [11, Exercises 5.12 and 5.13] an algebraic version of the
Grauert–Riemenschneider vanishing theorem (see also [8, Corollary 3.8]):
aGR. Let R be a two-dimensional Cohen–Macaulay local ring, and let
I be a normal m-primary ideal. Then grInR is Cohen–Macaulay for all
large values of n.
This result has been generalized by Huckaba and Marley in [10, Corol-
lary 3.9].
Valla in [17] proved that if R is Cohen–Macaulay and I is a complete
intersection ideal then grInR and In are Cohen–Macaulay for all
n ≥ 1.
The aim of this paper is to generalize SdS-1 to schemes X = ProjI
with bounded projective Cohen–Macaulay deviation (Theorem 2.2).
In the ﬁrst section we deal with the ﬁniteness dimension fgI of the
local cohomology groups of the Rees algebra [1, 4]. Under the hypothesis
fgI ≥ r + 1 we characterize the condition depthgrInR ≥ r in terms
of the vanishing of the ﬁrst r local cohomology groups of I (Proposition
1.1). Sancho de Salas’ exact sequence permits us to relate the vanishing of
the local cohomology groups of the Rees algebra to the vanishing of the
cohomology groups of ProjI with supports in the exceptional divisor
(Proposition 1.3).
In the second section we link the projective Cohen–Macaulay deviation
to the ﬁniteness dimension (Proposition 2.1). From the results of the ﬁrst
section we generalize SdS-1 to schemes ProjI with bounded projective
Cohen–Macaulay deviation (Theorem 2.2). As a by-product we propose in
Remark 2.3 an explanation of Cutkosky’s and Huckaba–Huneke’s examples;
in particular these examples show that Theorem 2.2 is sharp. In Remark 2.4
we perform some explicit computations on Huckaba–Huneke’s examples by
means of CoCoa.
1. ON THE VANISHING OF LOCAL COHOMOLOGY GROUPS
Let R	m be a Noetherian local ring and let I be an ideal of R. We
denote by I =⊕n≥0 Intn the Rees algebra of R with respect to I. We
denote by  = m⊕ It ⊕ I2t2 ⊕ · · · the maximal homogeneous ideal of I
and by I+ = ⊕It ⊕ I2t2 ⊕ · · · the irrelevant ideal of I. In this paper
we already assume that dimI = d (see [9]). Given an ideal J ⊂ R,






We deﬁne fgI as the last integer k ≥ 0 such that HiIn = 0
for all but ﬁnitely many n and for all i < k (see [1, 9.1.3 and 13.1.17] and
[4, 14]).
Proposition 1.1. Let R	m be a d-dimensional Noetherian local ring
and let I be an ideal of R. Let us assume fgI ≥ r + 1, 0 ≤ r ≤ d; then
the following conditions are equivalent:
(i) there exists a positive integer n0 such that for all n ≥ n0 it holds
that depthgrInR ≥ r;
(ii) HiI0 = 0 for i = 0	    	 r;
(iii) there exists a positive integer n0 such that for all n ≥ n0 it holds
that depthIn ≥ r + 1.
Proof. Let us assume that (i) holds. From [9, Proposition 3.6] we get
depthIn ≥ r for all n ≥ n0. Let In be the nth Veronese transform
of I [1, 12.4.6]. Let n = m⊕ Int ⊕ I2nt2 ⊕ · · · be the maximal homo-
geneous ideal of In. Hence Hi
n Ins = HiIns for all s ∈ ,
i = 0	    	 r. In particular we get HiI0 = 0 for i = 0	    	 r − 1.
Let us consider the Huneke sequence of In-graded modules
0 −→ In1 −→ In −→ grInR −→ 0
From the long exact sequence of local cohomology with respect to n we
get in degree s the exact sequence of R-modules
· · · −→ Hr−1
n grInRs −→ Hrn Ins+1 −→ Hrn Ins −→ · · · 
Notice that by (i) the left-hand-side module is zero. On the other hand,
from the assumption fgI ≥ r + 1 we get that the right-hand-side mod-
ule is zero for s  0. By induction on s we get that Hr
n In = 0; in
particular we have Hr
n In0 = HrI0 = 0.
Let us assume that (ii) holds. From the assumption fgI ≥ r + 1 and
Serre’s ﬁniteness theorem [1, 20.4.6], we get that there exists an integer n0
such that HiIns = 0 for all s ∈ \0, n ≥ n0, and i = 0	    	 r. From
(ii) and the fact Hi
n In∗ = HiIn∗ we get HiIns = 0 for
all s ∈ , n ≥ n0, and i = 0	    	 r. Hence we get (iii).
Let us assume that depthIn ≥ r + 1. If depthgrInR < d, then
from [9, Proposition 3.6] we get depthgrInR = depthIn − 1 ≥ r. If
depthgrInR ≥ d, then we also get (i).
Remark 1.2. Notice that from the deﬁnition of fgI it is easy to
see that if depthIn ≥ r + 1 then fgI ≥ r + 1, i.e., the condition
fgI ≥ r + 1 is a necessary hypothesis in Proposition 1.1.
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Let R	m be a d-dimensional Noetherian local ring and let I be an
ideal of R. We denote by π X = ProjI → SpecR the blowing up
of SpecR with respect to the closed sub-scheme deﬁned by I. We denote
by E the closed ﬁber of π, i.e., E = X ⊗R k.
We recall Karen Smith’s version of the so-called Sancho de Salas
sequence (see [12, p. 150]. For all n ∈  and i ≥ 0 there exists a exact
sequence of graded I-modules,







−→ Hi+1 I −→ · · · 
The next proposition links condition (ii) of Proposition 1.1 with the
cohomology groups H∗EX	X under the assumption that R is Cohen–
Macaulay.
Proposition 1.3. Let R	m be a d-dimensional Cohen–Macaulay local
ring and let I be an ideal of R. For all 0 ≤ r ≤ d − 1 the following conditions
are equivalent:
(ii) HiI0 = 0 for all i = 0	    	 r;
(iv) HiEX	X = 0 for all i = 0	    	 r − 1.
If the natural morphism HdmR → HdEX	X is a monomorphism then the
above conditions are equivalent for r = d.
Proof. Let us consider an (SdS) sequence in degree n = 0 and i =
0	    	 r,
· · · −→ Hi−1m R −→ Hi−1E X	X −→ HiI0 −→ HimR −→ · · · 
Since R is Cohen–Macaulay, (ii) implies (iv), and (iv) implies (ii) if r < d.
Let us assume that (ii) holds and r = d. A similar argument for the
previous case shows that HiI0 = 0 for i = 0	    	 d − 1, so we have
to prove that HdI0 = 0. The (SdS) sequence gives
· · · −→ 0 = Hd−1E X	X −→ HdmI0 −→ HdmR
−→ HdEX	X −→ · · · 	
then the claim follows from the injectivity of HdmR → HdEX	X.
Remark 1.4. Notice that if R is pseudo-rational then HdmR →
HdEX	X is a monomorphism ([13, Sect. 2] and [11]). On the other
hand, this morphism is always surjective (see [13, Remark b, p. 103]).
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2. ON THE SANCHO DE SALAS RESULT
In this section we generalize Sancho de Salas’ result SdS-1 to any value
of depthgrIR, and we perform some explicit computations on Huckaba–
Huneke’s examples.
Let R	m be a d-dimensional Noetherian local ring and let I be an ideal
of R. If X = ProjI then we denote by pcmdX the projective Cohen–
Macaulay deviation of X, i.e., the maximum of dimX	x − depthX	x,
where x ∈ X.
We denote by gdepthI the so-called generalized depth of I with
respect to the irrelevant idealI+ (see [10]). gdepthI is the greatest
integer k ≥ 0 such that + ⊂ radannHiI for all i < k. From the
proof of [16, Lemma 2.2], we get that gdepthI ≥ r if and only if
there exists a positive integer v such that HiIn = 0 for n ≤ −v and
i = 0	    	 r − 1. In other words, fgI = gdepthI (see also [14,
Proposition 2.3]).
Proposition 2.1. Let R	m be a d-dimensional Noetherian local ring
which is the homomorphism image of a quotient of a Gorenstein ring. Let I
be an ideal of R if X = ProjI; then
d + 1 − pcmdX = fgI







for P ∈ ProjI. Since R is universally catenary we get that I is










= ht − htP
= d + 1 − dimIP	
so fgI = gdepthI is the least integer
d + 1− dimIP − depthIP
P ∈ ProjI. From [7, Corollary 12.18], we get the claim.
The next theorem is the main result of this paper.
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Theorem 2.2. Let R	m be a d-dimensional Noetherian local ring which
is the homomorphic image of a quotient of a Gorenstein ring. Let I be an
ideal of R; we set X = ProjI. If pcmdX ≤ d − r, 0 ≤ r ≤ d, then the
following conditions are equivalent:
(i) there exists a positive integer n0 such that for all n ≥ n0 it holds that
depthgrInR ≥ r;
(ii) HiI0 = 0 for i = 0	    	 r;
(iii) there exists a positive integer n0 such that for all n ≥ n0 it holds that
depthIn ≥ r + 1;
(iv) HiEX	X = 0 for all i = 0	    	 r − 1.
Proof. Let us assume r ≤ d − 1. From Proposition 2.1 we get that the
condition pcmdX ≤ d− r is equivalent to fgI ≥ r + 1. From Propo-
sition 1.1 and Proposition 1.3 we deduce that the four conditions are equiv-
alent.
If r = d then fgI = d + 1 (Proposition 2.1). Since X is Cohen–
Macaulay from Proposition 1.1, Proposition 1.3, and [12, Theorem 4.3] we
get the claim.
Remark 2.3. The last result provides an explanation of Cutkosky’s and
Huckaba–Huneke’s examples. In both cases R is a three-dimensional local
ring homomorphic image of a Gorenstein ring. I is an m-primary ideal
such that X = ProjI is a normal scheme and grInR is not Cohen–
Macaulay for n 0. Since X = ProjI a normal non-Cohen–Macaulay
scheme we have pcmdX = 1, and the last result gives equivalent con-
ditions only for depthgrInR ≥ 2. In fact, we have R2π∗X = 0, so
H3I0 = 0 and depthgrInR ≤ 2.
Notice that Cutkosky’s and Huckaba–Huneke’s examples show that The-
orem 2.2 is sharp for d = 3 and r = 2.
Remark 2.4. We can show that depthgrIR = 2 by means of CoCoa
[2]. Let us consider Huckaba–Huneke’s example in the characteristic zero
case. We have R = x	 y	 zx	 y	 z, and let us consider the x	 y	 z-primary
ideal I = x4	 xy3 + z3	 yy3 + z3	 zy3 + z3 + x	 y	 z5. With the help
of CoCoa we can compute the Poincare´ series PI of I,
PI =
T 3 + T 2 + 43T + 31
1− T 3 	
and the Poincare´ series of I/x4	 yy3 + z3,
PI/x4	 yy3+z3 =
T 3 + T 2 + 43T + 31
1− T  
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Since PI/x4	 yy3+z3 = 1− T 2PI we get that the initial forms of x4, yy3 +
z3 in grIR are a regular sequence [15]. grIR is not Cohen–Macaulay
(Remark 2.3), so that depthgrIR = 2.
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